In this paper, we introduce and study the notion of a partial n-hypergroupoid, associated with a binary relation. Some important results concerning Rosenberg partial hypergroupoids, induced by relations, are generalized to the case of n-hypergroupoids. Then, n-hypergroups associated with union, intersection, products of relations and also mutually associative n-hypergroupoids are analyzed. Finally, n-hypergroupoids associated with relations are used in order to study the transitivity of the relation β in n-semihypergroups.
Introduction
Since 1934, when Marty introduced for the first time the notion of a hypergroup, the hyperstructure theory had applications to several domains, for instance non-Euclidean geometry, graphs and hypergraphs, binary relations, lattices, automata, cryptography, codes, artificial intelligence, probabilities etc. (see [7] ). 70 years later, a nice generalization of a hypergroup, called an n-hypergroup has been introduced and studied by Davvaz and Vougiouklis [9] . Nowadays, hyperstructure theory has arrived at its maturity, being studied extensively in Europe, Asia, North America and Australia. There are thousands of papers and some books written on this topic. Meanwhile, n-hyperstructures are just at the beginning of their study.
In this paper, we study a connection between n-hypergroups and binary relations. This generalizes the first connection between hyperstructures and binary relations, which was considered by Rosenberg [13] , in the most general meaning. There are many types of connections between hyperstructures and binary relations. Particular hyperstructures have already been associated with binary relations by Corsini (with hypergraphs [2] ), and by Nieminen and Rosenberg (with graphs [12, 14] ); also see [4, 8, 11] . The Rosenberg hypergroup was studied by Corsini and then by Corsini and Leoreanu, who analyzed hypergroups associated with union, intersection, product, Cartesian product, direct limit of relations. Later, Spartalis [15] , De Salvo and Lo Faro [10] have obtained new results on hyperstructures associated with binary relations.
After introducing the n-hypergroupoid induced by a binary relation, we study here some of its properties. Several results are obtained, one for which mutual associativity for n-hyperstructures plays a part. Among the examples, we mention the n-hypergroupoid associated with a hypergraph. Finally, by using the above mentioned n-hypergroupoid, we analyse the transitivity of the relation β in n-semihypergroups, by characterizing the class of n-semihypergroups for which the relation β is transitive. The basic definitions concerning hypergroup theory can be found in [1, 6, 16] .
The partial n-hypergroupoid (H, f R )
Let H be a nonempty set and f : H n → P * (H ), where P * (H ) is the set of all nonempty subsets of H . Then f is called an n-ary hyperoperation on H and the pair (H, f ) is called an n-hypergroupoid.
If A 1 , A 2 , . . . , A n are subsets of H , then we define
In the following, we shall denote the sequence a i , a i+1 , . . . , a j by a j i . For j < i, a j i is the empty set.
The n-hypergroupoid (H, f ) is called an n-semihypergroup if for any i, j ∈ {1, 2, . . . , n} and a
1 , x i , a n i+1 ) has the solution x i ∈ H , for any a i−1 1 , x i , a n i+1 of H and 1 ≤ i ≤ n, is called an n-hypergroup [9] . Let R be a binary relation on a nonempty set H . We define a partial n-hypergroupoid (H, f R ) as follows:
∀a ∈ H, f R (a, . . . , a n ) = {y | (a, y) ∈ R} and ∀a 1 , a 2 , . . . , a n ∈ H,
Notice that (H, f R ) is commutative, since the value of f R (a 1 , . . . , a n ) does not depend on the permutation of a 1 , . . . , a n .
The partial n-hypergroupoid (H, f R ) is a generalization of the Rosenberg partial hypergroupoid H R (see [13] ).
Define f R (a 1 , a 2 , . . . , a n ) by f R (a n 1 ). 
Proof. We have f R (a, . . . , a n ) = {b | (a, b) ∈ R} and
. . , a n ), whence we get the thesis.
"⇐ " We have K ⊂ f R (a, . . . , a n ), for any a ∈ H , that is
Recall now what an outer element of R is (see [13] ). This notion is useful in order to characterize the n-hypergroup (H, f R ).
Definition 2.1. An element z ∈ H is called an outer element of R if there exists y ∈ H such that (y, z) ∈ R 2 . Theorem 2.2. Let R be a binary relation on H , with full domain. The n-hypergroupoid (H, f R ) is an n-semihypergroup if and only if R ⊂ R 2 and for any outer element z of R, the following implication holds:
is an n-ary semihypergroup if for any i, j ∈ {1, 2, . . . , n} and a 1 , a 2 , . . . , a 2n−1 ∈ H , we have
), a 2n−1 n+ j ). Denote by T 1 the left side and by T 2 the right side of the above equality.
We have
Similarly, we get that
" ⇒" For any i, j ∈ {1, 2, . . . , n}, we have T 1 = T 2 . Set i = n and j = 1.
Suppose R ⊂ R 2 ; that means there exists (a, b) ∈ R − R 2 . Now, set a 1 = · · · = a n−1 = b, a n = · · · = a 2n−1 = a and z = b. Then, it follows that b ∈ T 2 and so we get b ∈ T 1 . On the other hand
Now, let z be an outer element of H and suppose there exists x ∈ H such that (x, z) ∈ R 2 − R. Set a 1 = · · · = a n−1 = x and a n = · · · = a 2n−1 = y, where (y, z) ∈ R 2 . Since (x, z) ∈ R 2 , we get that z ∈ T 2 = T 1 . On the other hand (x, z) ∈ R, so we must have (y, z) ∈ R 2 , a contradiction.
Therefore, the implication ( * ) holds for any outer element of R.
"⇐ " If z is an outer element of R, then the implication ( * ) holds and since R ⊂ R 2 , we get (x, z) ∈ R 2 if and only if (x, z) ∈ R, whence z ∈ T 1 if and only if z ∈ T 2 .
If z is not an outer element of R, that is for any x ∈ H , we have (x, z) ∈ R 2 , then z ∈ T 1 and z ∈ T 2 .
Hence
Remark 2.2. The n-semihypergroup (H, f R ) is an n-hypergroup if and only if R has a full range.
Therefore, we get: Theorem 2.3. Let R be a binary relation with full domain. The n-hypergroupoid (H, f R ) is an n-hypergroup if and only if the following conditions hold:
⇒ (x, z) ∈ R for any outer element z of R.
Remark 2.3. If R ⊂ R 2 , then x is an outer element of R if and only if x ∈ f R ( f R (a, . . . , a n ), a, . . . , a n−1 ) for some a ∈ H .
Proof. Indeed, we have f R ( f R (a, . . . , a n ), a, . . . , a n−1
}, whence we get the thesis.
Remark 2.4. If R ⊂ R 2 , then there are no outer elements of R if and only if for any a ∈ H , we have
Hence f R (a 1 , . . . , a n ) = {1, a 1 , . . . , a n }, for any (a 1 , . . . , a n ) such that 1 ∈ {a 1 , . . . , a n } and f R (a 1 , . . . , a n ) = {1, 2, a 1 , . . . , a n } if 1 ∈ {a 1 , . . . , a n }. 2 • . Let R be an equivalence relation on a nonempty set H . According to Theorem 2.3, it follows that (H, f R ) is an n-hypergroup. For any a ∈ H , we have that f R (a, . . . , a n ) is the equivalence classâ of a.
Theorem 2.4. Let R be a reflexive and symmetric relation on H . Then (H, f R ) is an n-hypergroup if and only if for any a, c ∈ H , we have
Proof. Since R ⊂ R 2 , it follows that for any c ∈ H , we have
" ⇒" Suppose the implication (τ ) holds, for any a, c ∈ H .
Since (H, f R ) is an n-hypergroup and according to Theorem 2.3, we deduce that y is not an outer element of R. In other words, for any a ∈ H , we have (a, y) ∈ R 2 , that is y ∈ f R ( f R (a, . . . , a n ), a, . . . , a n−1
).
"⇐ " Conversely, it is sufficient to check only the condition (3 • ) of Theorem 2.3. Let y be an outer element of R, that is there is a ∈ H such that (a, y) ∈ R 2 . Then, according to (τ ), it follows that for any c ∈ H , we have y ∈ f R ( f R (c, . . . , Remark 2.5. If (H, f R ) is an n-hypergroupoid and R is symmetric, then R 2 is an equivalence.
Indeed, it follows from Theorem 2.3, exactly as for hypergroups induced by relations (see [5] ). Remark 2.6. If (H, f R ) is an n-hypergroup and R is reflexive, symmetric, but it is not transitive, then R 2 = H 2 .
Indeed, if R is not transitive, then R = R 2 and so, there exists c, y ∈ H such that (c, y) ∈ R 2 − R. According to the above theorem, it follows that (a, y) ∈ R 2 , for any a ∈ H ; that means any two elements of H are in the relation R 2 . In other words, R 2 = H 2 .
Corollary 2.1. Let R be a reflexive, symmetric, but not transitive relation on H . Then (H, f R ) is an n-hypergroup if and only if R 2 = H 2 .
Example 2.2. Let R Γ be the binary relation associated with a hypergraph Γ = (H, {A i } i∈I ) , i.e. for any i ∈ I, ∅ = A i ⊂ H and i∈I A i = H.
In other words,
Clearly, the relation R Γ is reflexive and symmetric. For any a ∈ H , we have
Hence, we get a natural generalization of the hypergroupoid induced by a hypergraph, considered by Corsini in [2] . By the above theorem, (H, f R Γ ) is an n-hypergroup if and only if the corresponding inclusion (τ ) holds. Moreover, according to the above corollary, if R is not transitive, then (H, f R Γ ) is an n-hypergroup if and only if we have R 2 Γ = H 2 ; that means for any a, c ∈ H , there is b ∈ H such that {a, c} ⊂ b∈A i A i .
In the same way as for binary hyperoperations, associated with binary relations (see [7] ), from Theorem 2.3, there follows the next result, that we present here without proof. Theorem 2.5. Let R and S be binary relations on H .
, where C t (R) is the transitive closure of R, then (H, f S ) is an n-hypergroup, too.
and (H, f S k 2 R k 1 ) are n-hypergroups, too. 6 • . If (H, f R∪S ) is an n-hypergroup, R, S are reflexive and S ⊂ C t (R), then for any k 1 , k 2 ∈ N * , (H, f R k 1 S k 2 ) and (H, f S k 2 R k 1 ) are n-hypergroups, too.
Mutually associative (H, f R ) n-hypergroups
We generalize here the concept of mutually associative hypergroupoids, introduced by Corsini [3] . Definition 3.1. We say that two partial n-hypergroupoids (H, f 1 ) and (H, f 2 ) are mutually associative (m.a.) if for any a 1 , . . . , a 2n−1 ∈ H , the following equalities hold:
). Notice that if f 1 and f 2 are binary hyperoperations, we get two mutually associative partial hypergroupoids. Now, if R is a binary relation on H and A ⊂ H , we define
If A = {a 1 , a 2 , . . . , a k }, we write R(a k 1 ) for R(A). If R and S are binary relations on H , then we denote by S R the relation {(a, c) ∈ H 2 | (a, b) ∈ R and (b, c) ∈ S, for some b ∈ H }. ( * )
Proof. We have f S ( f R (a n 1 ), a
. Hence the equality ( * ) coincides with the equality (i 1 ).
Since both (H, f R ) and (H, f S ) are commutative, the equalities (i 2 ), . . . , (i n ) coincide with the equality (i 1 ). Theorem 3.2. If R and S are relations on H such that (H, f R ) and (H, f S ) are mutually associative n-hypergroups, then (H, f R∪S ) is an n-hypergroup, too.
Proof. It is sufficient to check the condition (3 • ) of Theorem 2.3. The other conditions are clearly satisfied.
Let z be an outer element of R ∪ S, that is (y, z) ∈ (R ∪ S) 2 = R 2 ∪ S 2 ∪ R S ∪ S R for some y ∈ H . Hence z is an outer element for both R and S.
If (x, z) ∈ S R, then we consider a 1 = a 2 = · · · = a n−1 = x and a n = · · · = a 2n−1 = y in the equality ( * ). We get S R(x, y) ∪ S(y) = R S(y) ∪ R(x). We have z ∈ S R(x), whence z ∈ R S(y) ∪ R(x).
Since (y, z) ∈ R S, it follows that (x, z) ∈ R ⊂ R ∪ S. Similarly, if (x, z) ∈ R S we get (x, z) ∈ R ∪ S; that means the condition (3 • ) of Theorem 2.3 holds. Theorem 3.3. Let R and S be relations on H , such that R ⊂ S R. If (H, f R ) is an n-hypergroup, (H, f R ) and (H, f S ) are mutually associative and one of the following two conditions is satisfied:
Proof. Also for this proof, it is sufficient to check the condition (3 • ) of Theorem 2.3. Let z be an outer element of S R. Then (y, z) ∈ (S R) 2 for some y ∈ H . Since R ⊂ S R, it follows that z is an outer element of R, too. Now, let (x, z) ∈ (S R) 2 . Then there is t ∈ H such that (x, t) ∈ S R (t, z). Let us analyze the two situations:
RS} and according to the hypothesis, we get (x, t) ∈ R.
On the other hand,
Again, since (H, f R ) and (H, f S ) are mutually associative, it follows that z ∈ f R (t, . . . , t
According to the hypothesis, it follows that (t, z) ∈ R.
According to the hypothesis, we get (x, t) ∈ R.
On the other hand, z ∈ f S ( f R (t, . . . , t
Since (H, f R ) and (H, f S ) are mutually associative, we get z ∈ f R (t, . . . , t
According to the hypothesis, we get (t, z) ∈ R.
In both situations (i) and (ii), we get (x, z) ∈ R 2 , whence (x, z) ∈ R ⊂ S R, since z is an outer element of R.
Therefore, the condition (3 • ) of Theorem 2.3 is satisfied and we get that (H, f S R ) is an nhypergroup.
The transitivity of the relation β in n-semihypergroups
Let (H, f ) be an n-semihypergroup. We define
2 ), a n 2 ) | z i ∈ H, x j ∈ H, a j ∈ H, ∀i ∈ {1, 2, . . . , n}, ∀ j ∈ {2, . . . , n}}, and so on. Define U = k∈N * f (k) . Now, we can define the relation β, which is an important binary relation on an n-semihypergroup (H, f ). We have β = k≥1 β k and for x, y of H , we define aβ k y ⇔ ∃u ∈ f (k) , such that {x, y} ⊆ u.
Clearly, β is reflexive and symmetric. Let β * be the transitive closure of β. Then β * is the smallest equivalence relation such that the quotient (H/β * , f | β * ) is an n-semigroup, where H/β * is the quotient set and f | β * (β * (a 1 ), . . . , β * (a n )) = β * (a), for any a ∈ f (a 1 , . . . , a n ).
In this paragraph, we shall prove that if (H, f ) is an n-hypergroup, then β is transitive. Moreover, we find necessary and sufficient conditions such that β is transitive in an nsemihypergroup.
For any a ∈ H , we have f β (a, a, . . . , a) = {y | (a, y) ∈ β} = {y | ∃u ∈ U, such that {a, y} ⊂ u} = a∈u u∈U u.
Define a∈u u∈U u by C 1 (a); that means
For any n ∈ N * , define
Definition 4.1. We say that A is a complete part of (H, f ) if the following implication holds, for any u ∈ U:
Let C(a) be the complete closure of a. Like for semihypergroups, we get that Remark 4.1. C(a) = i∈N * C i (a), for any a ∈ H .
Theorem 4.1. Let (H, f ) be an n-semihypergroup. The relation β is transitive if and only if C(a) = C 1 (a), for any a ∈ H .
Proof. According to Theorem 2.1, β is transitive if and only if f β ( f β (a, . . . , a n ), a, . . . , a n−1 ) = f β (a, . . . , a n ), since β ⊂ β 2 . We have
Hence f β ( f β (a, . . . , a n ), a, . . . , a n−1
. Therefore, β is transitive if and only if
Hence β is transitive if and only if C(a) = C 1 (a), for any a ∈ H.
Theorem 4.2. If (H, f ) is an n-hypergroup, then β is transitive.
Proof. We check that C 2 (a) ⊂ C 1 (a), that is if C 1 (a) ∩ u = ∅, then u ⊂ C 1 (a), since C 2 (a) = {x | ∃u ∈ U : C 1 (a) ∩ u = ∅, x ∈ u}. In other words, let us see that C 1 (a) is a complete part of (H, f ). Let z ∈ C 1 (a) ∩ u, whence there exists v ∈ U such that z ∈ v ∩ u and a ∈ v. Suppose u ∈ f (k) , more exactly u = ( f (. . . f ( f (y Hence we have u ∈ w, w ∈ U and a ∈ w; that means u ∈ u ∈U a∈u u = C 1 (a).
Therefore C 2 (a) ⊂ C 1 (a), whence we get C(a) = C 1 (a) and, according to the above theorem, we get that β is transitive.
Example 4.1. Example of an n-semihypergroup, for which β is not transitive.
Let |H | ≥ 4 and f : H 3 −→ P * (H ) (where P * (H ) is the set of all nonempty subsets of H ), defined as follows:
f (x 0 , x 0 , x 0 ) = H − {x 0 , x 1 } f (x, y, z) = H − {x 0 , x 2 }, ∀(x, y, z) = (x 0 , x 0 , x 0 ) and x 0 = x 1 = x 2 = x 0 .
(H, f ) is an n-semihypergroup, since ∀α, β, γ , δ, µ ∈ H , we have f (α, β, f (γ , δ, µ)) = f (α, f (β, γ , δ), µ) = f ( f (α, β, γ ), δ, µ) = H − {x 0 , x 2 }, because x 0 ∈ f (α, β, γ ). (H, f ) is not an n-hypergroup, since x 0 ∈ f (α, β, γ ) for any α, β, γ ∈ H.
For any x 3 ∈ H − {x 0 , x 1 , x 2 }, we have x 3 β x 2 and x 3 β x 1 so x 1 β * x 2 , but x 1 β x 2 . By β * we have denoted the transitive closure of β.
